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I. Introduction. 

' When data are scarce, It Is common to combine small samples from a 
number of sources considered to be reasonably similar. When sample sizes are 
extremely small, testing the assumption of similarity of sources Is often only 
attempted by subjective means. This paper provides a method to add quantita- 
tive risk assessments to the study of this assumption, using two observations 
per sample. 

In addition to general compatibility testing of the sources using 
modified versions of Westenberg's Interquartile Range Test, and the Westenberg-Mood 
Median Test, a new hypothesis test has been developed to aid In Identi- 
fying whether one (or more) of the sources of data provides a substantially 
larger or smaller set of values due to Its underlying population. 

Because the probabilistic risk assessments provided here address a 
situation so commonly found In analyzing military operations as well as In test 
and evaluation, details are provided to simplify the Implementation of this 
methodology. A major goal here has been that power analyses be described In 
terms meaningful to the user and the decision maker. The new hypothesis test 
makes use of simulation-aided power analyses, v   

The tests for general comparability, using modified Westenberg tests, 
were first Introduced In reference 2. The FORTRAN code for these tests Is 
given here In Appendix I. This program Involves straight forward binomial 
probabilities. The first format statement explains the variables and the null 
and alternative hypotheses. It Is written In terms of the Interquartile range 
of the combined sample, but could easily be written in terms of being above or 
below the median of the combined sample, 

alternative (H,) are repeated here. "H 

The null hypothesis (H ) and the 

Each sample has at least 100 x RA 

percent chance of having one observation Inside and one observation outside the 
interquartile range. H,: Each sample has at least 100 x R6 percent chance of 

having both observations fall together either Inside or outside." The null 
hypotheses for the Westenberg tests thus Indicate a genera! compatibility among 
the data sources. If a set of data made up of pairs of observations from a 
number of sources appear to he  reasonably homogeneous as judged by these tests, 
however. It may still be that one, or perhaps a few pairs of observations may 
have been drawn from a source very different from the underlying population for 
the majority of the pairs of observations. Therefore, a new test Is needed due 
to the Inadequacy of the modified Westenberg tests to discern such a situation. 

In order to determine whether a pair of observations may have values 
appreciably larger, or smaller than the other observations, the probability of 
having both members of that pair of observations be among the largest, or 
smallest In the combined sample should be Investigated. This Is accomplished 
here in the Length of Initial Run (LIR) Test. In this test, the larger value 
In each pair of observations Is labeled "A," while the smaller of the observa- 
tions from that source Is labeled "B." If no pair of observations Is drawn 
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from an underlying population considerably different from the others (in 
parL cular if no pair of observations is drawn from an underlying population 
whost location is considerably larger, or smaller than the others) then the 
length of the run of A's in the combined sample before the first B and the 
length of the run of B's before the first A should not be too short.    (Note 
that run lengths can vary from one to n.) 

II.    Mathematical Theory of LIR Test. 

Under the null  hypothesis, that all pairs of observations were drawn 
from the same or identical  populations, the length of the Initial run of A's is 
identically distributed as the length of the initial  run of B's. This discus- 
sion will  only be couched in terms of the Initial  run of A's. 

The probability of having an "A" as the largest value In the combined 
sample is unity.    The probability of having an "A" in the second largest 
position,  under H , is the number of observations not Included in the sample 

pair that the first A came from (2n-2), divided by the total  remaining number 
of observations available (2n-l).    The probability of having a third A in a row 
is the previous probability multiplied by the number of observations not 
included in either sample pair that the first two A's came from (2n-4), divided 
by the total remaining number of observations available (2n-2).    Therefore, the 
probability (under H ) of having at least r of the A's before the first B is: 

( 2n-2 v , 2n-4 v , 2n-6 . 
• • • < 

2n-l 2n-2 2n-3 

,  2n-2r+2 >. 

2n-r+l 

If exactly r of the A's preceed the first B, the probability of this occurrence 
(under H ) is the above expression multiplied by the probability that the r+lth 

largest value is a B. This would be the number of B values whose corresponding 
A value is among the members of the initial run (r), divided by the total 
remaining number of observations (2n-r). Simplifying, therefore, the probabil- 
ity (under H ) of having an initial run of length r Is: 

(2n-2)!!(2n-r-l)!r 

(2n-2r)!!(2n-l)! 
where k!! = k(k-2)(k-4,> .... 
(stopping at 2 if k is even, or 1  If k is odd), 

This  further simplifies to 

(n-l)!2n"1 (2n-r-l)!r    _ (n-l)!2r"1 (2n-r-l)!r 

(n-r)!2n"r (2n-l)! (n-r)!  (2n-l)! 

In general, if N is the number of observations per sample and n Is the number 
of samples, then the probability of an Initial run of length r is: 

(n-piN1""1 (Nn-r-l)!(N-l)r 

(n-r)!  (Nn-1)! 
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Simulations could be used for alternative hypotheses and for Irregular numbers 
of observations. This paper, however, Is concerned with N=2 observations per 
sample. 

Simulations (see Appendix III) were used to determine the relative 
frequency distribution of Initial run lengths under various alternative hypo- 
theses. Each alternative studied assumed one pair of observations to be taken 
from one underlying population and all others taken from a second underlying 
population, with a few exceptions for sensitivity study purposes. The accuracy 
of the simulations was examined in several manners. First, both underlying 
populations were set identical and the results compared to the frequency 
distribution for the null hypothesis. Agreement here demonstrated that the 
closed form solution for the null distribution is correct and also that the 
simulation was accurate to approximately three significant digits using 20,000 
replications for the cases of interest shown In Appendix II, also under H0. 

However, under any alternative hypothesis, accuracy of the simulation Is 
degraded due to the fact that the distributional forms which the pairs of 
observations are being drawn from are not exactly what they have been repre- 
sented to be. Table I, however, provides a set of chi-square "poorness" of fit 
tests which show that, in the case investigated there, the distribution is 
almost exactly as was represented. (Similar results were obtained using other 
distributions,) Table ll is used to demonstrate the small differences In 
resulting output when inputs are varied to degrees that were found unlikely to 
actually occur. (Note that the differences found in Table II were of only 
approximately the same magnitude as in Table I,) From this, it is generally 
concluded that only two significant digits should be used from the relative and 
cumulative relative frequency outputs. 

In addition to the type of validation shown above, the simulation 
results were compared to a closed form solution for the probability of a run of 
length one when one pair of observations is drawn from one distribution and all 
others from a second distribution. In order for there to be a run of length 
one, both observations from the same pair  must be the two largest (or smallest) 
observations in the combined sample. Therefore, if p is the probability of a 
run of length one, and we are investigating the initial run of A's, and only 
one pair of observations is drawn from one distribution with all others drawn 
from a second distribution, 

X=-oo 
92.m.m(x) J ^1.2.1(t)dtdx 

m-1 9l.2.2(x) J 92.m.m.l(t)dtdx 

x=-»       t=x 
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THE CHI-SQUARE VALUE FOR A N(12,l) 
USING 40000 GENERATED RANDOM NUMBERS 

TESTED AGAINST A N(12,l) 
IS    94.56 
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TABLE la 

Random Nos. 
True Generated From A 
N(12.1) VS N(12,l) 

CELL # #0BS CELL* #0BS CELL* #0BS CELL# #0BS 
1 370 26 410 51 417 76 405 
2 375 27 428 52 402 77 403 
3 402 28 382 53 398 78 405 
4 369 29 413 54 381 79 360 
5 412 30 386 55 447 80 361 
6 376 31 400 56 385 81 393 
7 407 32 396 57 393 82 388 
8 424 33 426 58 375 83 408 
9 413 34 386 59 404 84 381 

10 381 35 433 60 401 85 388 
11 377 36 380 61 419 86 404 
12 380 37 407 62 371 87 388 
13 394 38 418 63 414 88 408 
14 381 39 393 64 400 89 421 
15 382 40 407 65 415 90 411 
16 364 41 370 66 396 91 422 
17 388 42 428 67 415 92 397 
18 398 43 411 68 429 93 395 
19 423 44 395 69 389 94 398 
20 427 45 405 70 424 95 394 
21 381 46 347 71 417 96 414 
22 398 47 413 72 406 97 429 
23 393 48 445 73 439 98 392 
24 394 49 415 74 404 99 420 
25 370 50 392 75 392 100 417 
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TABLE lb 

Random Nos. 
True Generated From A 
NClZ.l) VS N(12.C ).95) 

CELL # #OBS CELL* #OBS CELL* #0BS CELL* *0BS 
1 282 26 385 51 449 76 437 
2 295 27 426 52 415 77 390 
3 317 28 430 53 418 78 349 
4 344 29 403 54 402 79 387 
5 343 30 424 55 468 80 410 
6 372 31 409 56 395 81 394 
7 361 32 424 57 426 82 399 
8 380 33 424 58 385 83 393 
9 390 34 409 59 435 84 392 
10 402 35 433 60 417 85 389 
11 378 36 417 61 444 86 401 
12 362 37 412 62 387 87 409 
13 370 38 445 63 413 88 406 
14 396 39 424 64 454 89 394 
15 382 40 403 65 399 90 414 
16 383 41 426 66 439 91 375 
17 362 42 401 67 435 92 368 
18 369 43 458 68 416 93 382 
19 412 44 399 69 432 94 366 
20 436 45 432 70 441 95 383 
21 438 46 387 71 424 96 366 
22 385 47 418 72 451 97 367 
23 388 48 460 73 418 98 335 
24 416 49 442 74 398 99 354 
25 396 50 415 75 414 100 300 

THE CHI-SQUARE VALUE FOR A N(12,0.95) 
USING 40000 GENERATED RANDOM NUMBERS 

TESTED AGAINST A N(12,l) 
IS    302.45 
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TABLE Ic 

Random Nos. 
True Generated From A 
N(12,l) VS 1^(12, ,1.05) 

CELL # #0BS CELL* #OBS CELL* #0BS CELL* #0BS 
1 495 26 418 51 402 76 393 
2 443 27 366 52 371 77 384 
3 448 28 407 53 388 78 398 
4 445 29 378 54 372 79 398 
5 412 30 386 55 398 80 359 
6 442 31 367 56 396 81 342 
7 444 32 427 57 366 82 385 
8 428 33 356 58 372 83 401 
9 399 34 423 59 370 84 392 

10 395 35 352 60 383 85 380 
11 396 36 386 61 387 86 398 
12 399 37 423 62 400 87 396 
13 378 38 385 63 358 88 402 
14 384 39 362 64 368 89 422 
15 354 40 385 65 422 90 417 
16 404 41 365 66 385 91 433 
17 411 42 403 67 376 92 433 
18 411 43 394 68 421 93 418 
19 413 44 387 69 381 94 416 
20 383 45 360 70 382 95 427 
21 373 46 345 71 404 96 424 
22 392 47 392 72 411 97 473 
23 392 48 427 73 392 98 479 
24 368 49 391 74 431 99 472 
25 391 50 380 75 391 100 566 

THE CHI-SQUARE VALUE FOR A N(12,1.05) 
USING 40000 GENERATED RANDOM NUMBERS 

TESTED AGAINST A N(12,l) 
IS    277.28 
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TABLE Ila 

Input distributions are N(12.00, 1.00) and N(10.00, 1.00). Number of samples 
from each distribution Is 1 and 9 respectively. The random number seed for 
this run Is 65557. 

Test for the Length of the Initial Run of A's before the first B. 

Number of rcplicatlons:20000 

Length Observed Relative Cumulative 
of Run: Frequency: Frequency: Frequency: 

1 7275 0.363750 0.363750 
2 4391 0.219550 0.583300 
3 2980 0.149000 0.732300 
4 2123 0.106150 0.838450 
5 1534 0.076700 0 915150 
6 857 0.042850 0.958000 
7 517 0.025850 0.983850 
8 246 0.012300 0.9961J0 
9 67 0.003350 0.999500 

10 10 0.000500 1.000000 
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TABLE lib 

Input distributions are N(12.00, 0.95) and N(10.00, 1.00).    Number of samples 
from each distribution Is 1 and 9 respectively.    The random number seed for 
this run Is 65557. 

Test for the Length of the Initial Run of A's before the first B. 

Number of replication»:20000 

Length Observed Relative Cumulative 
of Run: Frequency: Frequency: Frequency: 

1 7406 0.370300 0.370300 
2 4480 0.224000 0.594300 
3 3018 0.150900 0.745200 
4 2134 0.106700 0.851900 
5 1419 0.070950 0.922850 
6 806 0.040300 0.963150 
7 469 0.023450 0.986600 
8 203 0.010150 0.996750 
9 55 0.002750 0.999500 

10 10 0.000500 1.000000 
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TABLE He 

Input distributions are N(12.00, 1.05) and N(10.00, 1.00). Number of samples 
from each distribution Is 1 and 9 respectively. The random number seed for 
this run Is 65557. 

Test for the Length of the Initial Run of A's before the first B. 

Number of rcplicadons: 20000 

Length 
of Run: 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Observed 
Frequency: 
7141 
4273 
2969 
2119 
1611 
958 
556 
284 
78 
11 

Relative 
Frequency: 
0.357050 
0.213650 
0.148450 
0.105950 
0.080550 
0.047900 
0.027800 
0.014200 
0.003900 
0.000550 

Cumulative 
Frequency: 
0.357050 
.570700 
719150 
.825100 
.905650 
.953550 

0.981350 
0.995550 
0.999450 
1.000000 

0. 
0. 
0. 
0. 
0. 
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where g,  2 .(x)  is the distribution of the k — order statistic out of 2 

observations in distribution 1 (distribution 1 is,  in general, the distribution 
of larger location if the initial run of A's  is being investigated); and Qp m u 

is the distribution of the k — order statistic out of m for distribution 2. 
Since there are n-1 pairs of observations taken from distribution 2, m = 2(n-l) 
= 2n-2,  and therefore: 

1       _ 1 _       1 
m-1 2n-2-l 2n-3 

The expression for p is based on the fact that if both observations of 
a given pair have larger values than any other observation in the combined 
sample, then the B value associated with the largest A has to be larger than 
all other 2n-2 values. 

Once again, use of this validation technique supported the conclusion 
that two significant digits should be used in the results. 

If f, (x)  is the density function for distribution 1, and f« (x) for 

distribution 2, an approximation can be made for p when the number of observa- 
tions drawn from each distribution are equal, or nearly equal, and very small. 
This approximation will be very poor unless the assumptions are enforced»  In 
general, however, the calculations are much easier than those in the previous 
expression. In this case the approximation is as follows: 

j   f2(x) j  f1(t)dtdx;  ♦ = ♦/(]-♦) 
X = -»      t = X 

lv4>+2n-vM(v-l)*+2n-v; T ^♦+2n-vMv4>+2n-v-l 
/ v»  w * \ . / 2n-v \(        1   \ 

where  vis the number of observations taken from thr» first distribution. 
(J« is the probability that if one observation were drawn from each of the 
two distributions,  the observation from distribution 1 would have a larger 
value.    The approximation is therefore a weighted counting procedure which doe'" 
not fully account for the shapes of the true distributions of interest. 

The tables of Appendix II provide power information for a variety of 
cases when the number of samples (of size two each)  is 5,  10, 20, and 50.    The 
alternative hypotheses could have more than two underlying distributions (up to 
n) but two are sufficient to illustrate what  is being investigated here.    The 
importance of this test is to determine the likelihood of having one (or 
possibly more than one) pair of observations drawn from an underlying popula- 
tion which is substantially different from the underlying population from which 
the rest of the observations were drawn. 
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If sample sizes are large, it Is possible to reject H when the truth 

Is close enough to H for practical purposes, unless a soeclflc H, Is used for 

a power analysis. When sample sizes are small, as In the case here, one may 
fall to reject H when the truth Is not close to H . Power analyses would help 

by completing the quantification of the problem. Without a power analysis, a 
hypothesis test is only half completed. Null and alternative hypotheses work 
in pairs analogously to confidence limits. In the present situation, a power 
analysis is very important due to the unconventional nature of the problem. 
(It is Interesting to note that when the number of samples [of size two each] 
Increases, the power level at a given significance level remains apparently 
approximately constant [see Appendiix II].) 

This paper makes use of a much neglected application for simulation. 
Simulation can be used as a check for a closed form solution when the develop- 
ment of such a solution was subtle, in addition to handling situations where a 
closed form solution is difficult if not impossible. 

III. Example. 

Suppose that ten processes (or items of equipment, etc.) are to be 
examined for a certain trait and that it is expected that they will all behave 
similarly for that trait. Also, suppose that the expense involved in studying 
those processes is great, or that for some other practical reason, the number 
of observations per process (item, scenario, etc.) must be kept extremely 
small. If two observations each are used, a combined sample size of 20 is 
obtained. Whether or not these samples should be combined would then be open 
to examination. In addition to any subjective arguments, the modified Westen- 
berg tests and the LIR test should be applied to assist in this examination. 
Suppose (for use in the LIR test) that the larger value in each pair of obser- 
vations is labelled "A," and the smaller values labelled "B." Subscripts 
"1"-"10" could be used to denote which process is being represented. (This 
will be used in the modified Westenberg tests.) Suppose that when the values 
for each of these observations are ranked from largest to smallest the follow- 
ing result is obtained: 

i i 

Ag Bg A7 A2 Aj , A4 A5 Ag AJQ A3 
I 

B2 A9 B7 B4 Bj | B6 B10 B3 Bg B5 

The number of times that a pair of observations are both found on the same side 
of the median, NZ, Is 2. Also, the number of times that a pair of observations 
are both found either inside or outside the interquartile range is NZ=2. Table 
III shows results taken from the program of Appendix I. PA is the probability 
level of the test associated with H , and PB is the probability level associ- 

ated with H,. An examination of this table shows that there is no good reason, 

based on this ranked data and aside from subjective arguments, to conclude that 
these samples should not be combined, but actually there is good reason to 
conclude that such a combination is advisable. However, the LIR test can be 
used to show that even though general compatibility appears evident, the 
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TABLE III 

RUN UC 
HO:  EACH SAMPLE HAS AT LEAST IOOH^AV. CHANCE CJ? HAVING 

ONE OBSERVATION INSIDE i^.D GME OeSE^VATICM OUTSIDE 
THE INTERQUARTILE RANGE. 

HI.*  EACH SAMPLE HAS AT LEAST IOOHRBV.   CHANCE OF HAVING 
BOTH OBSERVATIONS FALL TOGETHER 
EITHER INSIDE OR OUTSIDE 

INPUTS ARE: 
NS, THE NUMBER OF SAMPL^... 
HI,    ^E NUMBER OF ZEROES 
RA HNJ RS 

THE NUMBER OF ZEROES IS THE NUMBER Or SAMPLES WHOSE TWO CBSERVATICwS 
ARE FOUND TOGETHER 

ENTER NS,NZ,RA,RB 
10,2,0.95,0.50 
PA=0.22B2     PB=0.1875 
Do YOU  wish to run tue test asainr 
Enter "Y" or "N". 
Y 

ENTER NS,N2,RA,RB 
10,2,0.50,0.50 
PA=0.9Ga8  •  PB=0.1B75 
Do YOU  wish to run the test asain? 
Enter "Y" or "N". 
Y 

ENTER NS,NZ,RA,R3. 
10,2,0.75,0.25 
PA=0.7E27     PB=0.G328 
Do you wish to run tne test asain? 
Enter "Y" or "N". 
N 
FORTRAN STOP 
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initial run of A's is extremely short (one) and this indicates that sample 8 
may provide values too large in comparison to the other values. The LIR test 
shows that if the null hypothesis (that all pairs of observations were drawn 
from the same underlying distribution) is true, the probability of an Initial 
run of length one is 0.053 when the number of samples (n) is 10. This Is the 
probability of a Type I error. However, if the null hypothesis 1s "accepted" 
here, the probability of a Type II error (for any alternative) is unity since 
no amount of evidence against H   would then suffice.    If the values of the 

observations here suggest that graph A is the result of a reasonable alterna- 
tive hypothesis, then the power against that alternative is of Interest and is 
approximately 0.56.    Against the alternative used to arrive at graph B, the 
power is 0.36, and the power from graph C would be 0.12.    Note, however, that 
the alternative shown here against which the power is lowest Is for a situation 
better Investigated by the tests of Appendix I, program WC, originally found in 
reference 2.    Note also that even If all  20 observations here came from the 
same distribution, that Is a small  sample to use to determine the form of that 
distribution.    Therefore, other alternatives involving distributional  forms 
other than normality may be needed to complete the analysis. 

Suppose Bg and A7 were not as shown,  but exchanged in position.    The values 

of NZ would remain the same, but the length of the initial  run of A's would now 
be two.    If H    is rejected when the observed run length is 2,  the probability 

of a Type I error is 0.158.    Against the first,  second, and third alternatives 
mentioned above, the probability of a Type II error would be 0.44,  0.64, and 
0.88,  respectively, and the power would be 0.76, 0.58, and 0.34, also 
respectively. 

If a run of length 3 is considered, these figures are, respective to the 
order given above, 0.307, 0.24, 0.42,  0.66, 0.87, 0.73, and 0.62. 

Considering the above, when n=10 it could be deemed reasonable to 
reject H    when the run length is 2 or less, and "accept" it when it is 3 or 

more. 

In conclusion,  if some of the observations In the example given earlier 
are shifted in rank 1t may affect one or more or perhaps none of these tests. 
Also,  if the modified Westenberg tests greatly discourage the combining of the 
samples,  then the LIR test will  probably not be very useful.    In using the 
modified Westenberg tests, if it is not possible to divide the observations 
into groups of equal  size (above and below the median and inside and outside of 
the Interquartile range),  then apply the tests shifting the observation(s) 
which are in question from one possible grouping to the other and average the 
results obtained.    Finally, because the Bernoulli trials in the modified 
Westenberg tests used here are not truly independent, these tests are 
approximate.    Also, some RA and RB values may be Inappropriate.    For example. 
In Table III, RA could never be 0.95;  however, it is used to Illustrate the 
strong conclusiveness of these particular results.    A study of the null 
hypothesis Indicates that for RA = 0.5,  the binomial distribution used for this 
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test has thicker "tails" than warranted, 
described by 

,(NS!/2 NZ/2)2    .    N$!/(NS-NZ)!  ,  \ 
/ Okie \ I  /ol'J r/.i-. »~v . 1/1 

(The exact null distribution 1s 

(2NS)!/2 [(NZ/2)!]' 

Also, the true null distribution Is skewed to the right, but not appreciably 
when NS exceeds 50. For smaller numbers of samples, WB 1 from reference 2 Is 
of use. The advantages In using program WC are that understandable 
alternative hypotheses can be shown for decision making, and a large number of 
sample pairs can be handled with very little computer time. All that is really 
needed is a table of the cumulative binomial distribution. This test should be 
considered "quick and dirty" as a preliminary to the implementation of the LIR 
test. The LIR test is an exact test and is easily and meaningfully applied. 
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APPENDIX I 

FORTRAN CODE FOR Modified Westenberg Test 
(Designed for n pairs of observations) 

This program was referred to as "WC" In reference 2. Note that unlike the 
other modified Westenberg tests of reference 2, which are exact, this one Is an 
approximate tost. 
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CHAHACTc:«»4   A:.S.»t.h 
*PITr(b#J100) 

1100       FUHMAr(SX,'i(0:     EACH   oAMpLL   HAS   AX   LEAST   100XRA%   CHANCE', 
/      '   ÜF   HAVr<Ü',/,WXr'OwK   üdSKHVATION    INSIDE   AND   ONE' 
/      '   UbSt'RVATIJN   ilUTSlüi-,',/,yX,'   IHK   I.n'tKuUAkTILE   HANGE,', 
/     //,bX,'Hl':      cJACM  SA'-'PLE   HA4)' AT   LKAST   lÜöxKb%   CHANCE', 
/     '   OK   HAVl.MG',/,yX,'bürH   ÜÜSER^AIlOuS   FALL  TOÜtTHtK', 
/     /,9X,'f:iT:tLH   INSIOE   ÜR   UUi'SIDF',//////, 5X,'INPUTS   AHE:    ', 
/      /,5X,'rJS,    THE   NUMBER   OF   SAMPLES',/, 
/     5X,'NZ,   THE   NoMoEW  OF   ZEROES', 
/     /,bX,'KA   ANÜ   HB',//,bX,'THt   NUHBER   OF   ZEROES   IS   THE   NUMBER 
/ 

OF' 
SAMPLES A/HOSE TM'O OBSERVATIONS',/, 5 K ,'ARE FOUA/D TOGETHER') 

1000   wKlTF(b,99a) 
999   FORI«Al(//f5X,'ENTER NS, NZ,RA, RB') 

BtAO(5,*)..S,(.ilftA,KB 
I=NS/2 
J=wz/i 
PA = 0 
P8 = 0 
K=0 

2 X = I 
Y=K 
W=0,5*I 
IF(Y,GE.W;GUTU IOO 

3 P=X 
p=p/(x-n 

 T=o 
5 T=T+1 

P=P*(X-T) 
PSP/(X-Y-T) 
L=X-y-T 
IFCL.GT.DGOTO 5 
1F(K,GT,J)GüTü 6   _     _  _ 
Pß = PB"»P*((Kö*»K)*((l-kB)»*Ci-K))) 
KsK+l 
IK{K.LE,J)GUTO 2 
K=K-1 

6 PAsPA*P»((Cl-RAJ»»K)*(RA»*(I-K))) 
KsK + 1   _ 
IF(K-i)2,2,20ü0 

ioo.  y=x-y 
GOTO 3 

2000 "RITECe^OOnPA^PB 
2001 FORMAT(lX,'PA=',Kö,4,5X,'PB=',F6,4) 
.      ...      i.RITE(6,2002) 
2002 FOK1",AT(T2,'Do you wlsn  to run  the  test again?',/, 

t    T2,'Enter   "Y"  or  "N",') 
BEAD(t>,20u3JAr<SwER 

2^)03       FÜRHAT(A) 
1F(ANSWER,E0,'Y')G0T0   1000 

2010       STOP 
END 
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APPENDIX II 

POWER TABLES FOR LIR TEST 

The distributions from which the input is to be drawn for each of the 
alternative hypotheses are shown here followed by histograms of the relative 
frequency distributions for these alternatives.    In all cases here, both of the 
distributions from which the samples are drawn are of the same type but with 
parameters which differ in so/ne respect.    The samples could have been drawn 
from totally different distributional  forms, and more than two such distribu- 
tions could have been used (up to n);  however, what is used here Is sufficient 
to demonstrate this test under conditions which Illustrate its usefulness. 

In the case of the normal distribution, when standard deviations are the 
same, the symmetric nature makes the relative frequency distribution for the 
initial  run of A's the same as that for the initial run of B's,  if the number 
of pairs of observations from each of the two input distributions is inter- 
changed.    This is true in all cases where symmetric input distributions of 
equal  variance are used.    Also, when two symmetric input distributions with the 
same  location,  but unequal  variances are used,   this principle applies.    When- 
ever this occurs,   the output relative frequency distributions here are written 
in terms of the  initial  run of A's. 

The Church-Harris-Downton (C-H-D) method of testing the probability of 
motor case rupture  in missile testing,   see reference 1, makes use of a statis- 
tic related to 4,  (shown in Section II here).    This statistic is 

(/j,  -^2)/(cr1    + cr2 )      , where the subscripts "1" and "2"    refer to the two 

input distributions.    For any of the tables  involving two normal  distributions, 
if/j,, /J«,  en, and tr« are changed such that the above statistic remains con- 

stant,  then the output relative frequency distributions given here are appli- 
cable. 

In the case of the gamma input distributions, whenever the ß's (scale 
parameters)  are both multiplied by the same factor, the output distributions 
are still  applicable.    For triangular  input distributions,  if all  parameters 
are added to,  subtracted from, divided or multiplied by the same number,  the 
output distributions will  not be changed. 

The tables given here are for two normal  distributions,  two gamma distri- 
butions,  two triangular distributions and finally, two beta distributions.    The 
parameters were picked,  in many cases,   such that the power against the alter- 
natives was approximately 0.5 when the significance level was approximately 0.1 
to 0.15.    This occurs for H  ,  as shown  in the following table: 

43 



mm 

# of samples 
of size 2 each 

5 
10 
20 
50 

{ 

run length 
under H o 

1 
2 
3 
4 
5 

(probability level 
under H ) o 

-11% 
-15% 
-15% 
-10% 
-15% 

The following tables provide a variety of examples of alternative hypothe- 
ses and results obtained using them.    It Is hoped that this appendix Is 
sufficient to provide a working knowledge of the power of this test to Its 
users.    When any specific alternative which the user is interested in investi- 
gating does not appear here, and the user does not wish to spend the time to 
get the programs of Appendix III to run at a convenient facility,  it is hoped 
that the results can be interpolated from results provided here.    Note that 
following each graph of the distributions from which the observations are 
hypothesized (H,) to have been drawn, only relative frequency distributions are 

provided.    The hollow bar graphs show the relative frequency distribution under 
H.. 
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H0:    10 pairs of observations drawn fron the same distribution 
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H0:    10 pairs of observations drawn from the same distribution 

H,!    9 pairs from G(10,x) and 1 pair from G(17,x)  (for LIR of A's) 

[L££^ 

i0 

0.40 

0.30 

--    • I 1 rTJ-.~ --*f-j-^-^ |-rt--     rLf-r4-r ' |    '"M f I ' ■ ^ !    -r 1 - rj-- 
T' i - ---^ T-^rri^JMinTT^:T-tf*-iri1j ..-t-n-j,-, ~;rrr:. r., r,.: 

0.20 - 

0.10 

1 

-:r.t;i 

^_LU11 

■ i-i i i- 

my 

i—1!-T :: h I- 

iijiltiii ilium 

-T-.1T. 

-i-i-U+i-iIhli'   'Tr- 

im! 

■ t ril 

H:;-r': 

ilM.li' 

Jilili! 

2 3 4 5 6 7 8 

H0:    10 pairs of observations drawn from the same distribution 

H.:    9 pairs from G(17,x) and 1 pair from G(10,x) (for LIR of B's) 

EJL 
n 

63 

•'■^■*>*mmmi** 

-■  

.. ^^..-.„.^-^„.-»m-.^««...«.^» 



W^^^"""" 1* 

0.20 - 

0.10 - 

1 2 3 4 S 6 7 8 

H0:   10 pairs of observations drawn from the same distribution 

10 

Mj!   5 pairs from G(17.«) and S pair from G(10.x) (for Lift of A's) 

0.30 ■ • 
jXjjignmgm 

m a 
0.20 - ~ 

0.10 

;i.-;.!T!4. -' I W 'T* 

s it 

•v'-tt 
H-ri-ü m 

.rj 

mm. 
'il+TLi.1 

ffl 

Mat 1^J£ 

:■ pw 

Jiff 

i-iifeljl^l^- 

■ -t-'ff-) I 

iii 
m + ; rrr-r 

r..:L:.-l: 

2      3      4     5     6      7      8 

H0: 10 pairs of observations drawn from the same distribution 

Hj: 5 pairs from G(17,x) and 5 pair from 6(10,x) (for LIR of B's) 

10 

64 

t*U 



«F-^« 

0.20 

0.10 

LI 

::ri; 

t-rrTTirr H'!|::d''.'i:':;::-:: 
;■.:;•;:: i '; 

■;:.••r;.i 

:nirv.:-,,:■:: :.:;!■:•■ I :,■ 

Jtlii 

....,) 

■'••rr::!.:,..... 
-•? f      T T   .. I 

1   2  3  4   5  6   7  8  3  10  11  12  13  14  15  16  17  18  1» 23 

H.: 20 pairs of observations drawn from the same distribution 

Hj: 19 pairs from G(10,x) and 1 pair from G(17,x) - A's 

fl W   - t   - ■' i * ' J  ■ 
i.... ,.,!,. .    ;]:    .,   .: .. ::.:;-..i.:;:::: -'■: -.'.'.! 

....::: '. .;     L          M   .,'.;.<p. 

.j-::: .;;■]:.: ;|:-.;.; 

, ■ . i     ■ -" .! i i-'.-.'-iz^ .ri 

' 

:.::;1::'-:^;|!:!,!:F; 
-•{■■— -■ 

...          ;      .          ■      ■   ,   ■ ..,        ■■■ i ■'',••,■ i:  :      •  ■■;       ..... 
;■;]:.: .;■:; 

0 10  -i 

1 

.     1  •: 

■ ; ::;:f 

—r --• 

mm 
■::; j::t 
1     n 

||;:^s.;:p;i' "  i -      ' :::::■::-: in: 

■ ■: 

■!; 

1 . ■ 

, j ■ 
l.V; ! 

JUiLJ? 
•  • ■ i    ■ f  :':■':■;. irrr:::! 

- -?—•y-T^rr-n i 
1   2  3  4   5  6   7  8  9  10  11  12  13  14  15  16  17  18  19  23 

H0: 20 pairs of observations drawn from the same distribution 

Hj: 19 pairs from G(17,x) and 1 pair from G(10,x) • B's 
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H0:    10 pairs of observations drawn frori the same distribution 

llj;    9 pairs from G(10,x) and 1 pair from G(18,x) - A's 
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H0:    10 pairs of observations drawn from the same distribution 

Hj:   9 pairs from G(18,x) and 1 pair from G(10,x) - B's 
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H0: 10 pairs of observations drawn from the same distribution 

Hj: 9 pairs from G(l,x) and 1 pair from G(4,x) - A's 
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H0:    10 pairs of observations drawn from the same distribution 
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Hj:   9 pairs from G(4,x) and 1 pair from G(2,«) - B's 
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H0:    10 pairs of observations drawn fron the same distribution 

Hj:    9 pairs from G(15,x) and  1 pair frail G(23,x) • A's 
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H0:    10 pairs of observations drawn from the same distribution 

K.:   9 pairs from G(23.x) and 1 pair from G(15,x) - B's 
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H : 5 pairs of observations drawn from the same distribution 

Hp 4 pairs from T(x,x+l(Vc+5) and 1 pair from T(x+5.xM5,x+10) 
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H0:   10 pairs of observations drawn fron the same distribution 

H,:   9 pairs from T{x,x+10.x+5) and 1 pair from T(x+5,x+15,X+10) 
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H.:   20 pairs of observations drawn from the same distribution 

Hj:    19 pairs from T(x,x+10,x+5) and 1 pair from T(x+5,x+15,x+10) 
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M0:    50 pairs of observations drawn from the same distribution 

H.:   49 pairs from T(x,x+10,xt-5) and 1 pair from T(x+5.x+15, x*10) 
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H0:    10 pairs of observations drawn from the same distribution 

Hj:    9 pairs from T(x,x+10.x+15) and 1 pair from T(x+4,xM4,x*9) 
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H0:    10 pairs of observations drawn from the same distribution 

Hj:    9 pairs from T(x,x+10.xt5) and 1 pair from TfxO.x+n «*«' 
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■r "p  " i 

As stated 1n the Introduction to this paper, 1f "A" Is the larger value and 
"B" Is the smaller value of one pair of observations, then the probability for 
the Length of Initial Run (LIR) of 'W's or the probability for the LIR of 
"B"^ can be used to Indicate whether data has been drawn from the same 
distribution or from two different distributions. 

In most cases, determining the probability of a LIR equal to N (where 
N=l,2,3,...) Is Impractical using analytical methods. 

The purpose of this prpgram Is to use simulation to estimate the probabil- 
ity of observing a LIR equal to N for an alternative hypothesis that assumes 
data has been drawn from two different distributions rather than the same 
distribution (as the null hypothesis assumes). 
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LiÖ'l 'JF VARlAdLfcS 

Vdriarles usco In sunproara-n ihitlkli'lt 

ViiSii     i/alue ,fieter-niriea oy input, *hicii speclties the orobabllity 
aistrioutlon. 

iKh-n:  input value tor trie total nuirber of replications to r>e  per- 
torned. 

.Nit-ILL:  Logical unit assiynment oasen on input value. 

NUft,:     «arr.e o£ output file (#(fien ivFlLtse), 

D1SP!  üispositiop of output tile at termination ot program («nen 
(»KlLe, = b). 

lit«:  value iA or H) desiunatiny tne tyoe of run test to oe pertor^*| 

LfctlEks  Specifies tne tyre of probaoility aistrioution; J-normai, 
ü-'iaT.ma, b-neta, or T-triangular, 

Variables useo in subprograit. su«l" 

aui-'i       ine total number ot samples arä*i-. Cf SA* t)(l)*t>SA''iF(2)). 

AKüK:  Lenotn ot tne initial run of 'A's before tne first V. 

PHUM     Lenoth of tne initial run of 'H'S before the first 'A', 

AKtMiLTCSu^):  Array anicn stores tne nuinoer of times each 'AKUr«' 
lengtn occurs durinu the entire simulation. 

oRtSiiLKSuM):  Array Miicn stores tne nu.floer of times eacn 'bKiM' 
lenqtn occurs durinq the entire simulation. 

Variables usen in suD^rogran RüPURI 

PtKCfc ivTCSü«):  Kelative frequency destrioution of tne L.IH 
(AR£SuLUSU^)/IhEPj bKt-SuLl (öu.w ) / ISr-F) . 

Cüw(SL'K):  Cumulative frequency districution ot tne llti, 

Ar.s^tK:  input value *hicn aeterniines tne status of oar graon 
output of frequency nistrioution tprint:itß or Ml). 

Vdrlaoles useo in suborogram wUMAL 

MU(1); yean  tor distrioutlon 1. 
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&IGHA(I):  Standard deviation for dlstrioutlon I, 

X:  An Independent identically distributed uniform 
random number generated by tne VAX 11/780 subproqrdir. 'WANI'. 

T* (2x-l)t  A test value to determine acceptaoility ot the 
generated randotr numbers. 

yj ^(0,1), 

XlfX2t  N'CMU^SlGKAj's. 

Variables  useo in subprogram GAMMA 

ALPHA(l)   l*l,it       Shape parameter. 

BETACI)   lsi,2:       Scale parameter. 

Ri       An  independent  identically distributed    uniform 
random  numoer qeneratea uy the   VAX  n/760  suoprogram 'Uhu' 

TEST fc  *:       Test  values used  to determine acceptaoility 
of  the generated random numoers. 

Y:        GAM-CALPhA(l),l)   1*1,2, 

XC1)   1*1,2:        GAM-(ALPriA(l),bt;TA(l)). 

Variables useo in subprogram bKiA 

ALPhA(IfJ) l#Jsl,2i  Shape parameters. 

Ri  An Independent identically distributed uniform 
random number generated oy the VAX U/7b0 suoproordfti 'KAK', 

TEST * *i   Test values used to determine acceptability 
of the generated random numbers. 

n  GAM-(ALPHA(1),I) 1=1,2. 

X1(I) I«l,2:   GAf*-(ALPhA(l),l) 1 = 1,2. 

X2(I)   1«1,2:        äET'CALPHACD^ALPhACJ))   l,jrl#2. 

Variables used in subprogram THIANG 

G:  Minimum value.  Location parameter. 

HJ  Maximum value, «ax-^lnsscale parameter. 

Ct  Mode.  Shape parameter. 

Rt  An Independent identically distrlbüteo uniform 
random number generated oy the VAX 11/760 subprogram 'KAM*. 
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X2,Xi:       iKi Aivc:"(u,i,(fnoöe-n in)/(irax-min)), 

X(l)   1 = 1,2:       rfiANü"(n-.in,riax,inode), 

Vdnaoies  coitimon  to  sunproqrairs 

p-SAf'PtU   J = l,^:       Tne  number  ot  t^o-ooservation  samples 
requlrea  tor  dlstrlDutlon  1, 

A(SOM)  SUN = I ,ij6MKkj(n+rj5AMK(2):      Array ot  greater values ot 
eacn   two-ooservation  sdrrpie  froii'   the  cornbineo  NSAKP'S. 

btsuM)  üliMsl »i-iSAMPt l)tffSAf-.i'C2)s      Arrey  of  lesser  values ot 
eacn  two-observation  sample trom  tne comüined N&Ai-iP'b, 

CU'JNT;       Counter   for  current  number   of   replications;     siniula- 
tion   terminates  wnen couMslkLf, 

11! initial value required for ranuor,. nutioer generation. 

PRlKiKAh   LlMlTA'IiU.vS 

Suuproqra.Ti   iKiAMi:       Tne  '"'oae  'C  «sea  to  generate  the 
TKiANc;(0,i ,C),   vihere c=(mode-!iiln)/Crrax-min),   is  restricted 
to   0<C<1, 

suDrrcqram  üAHIMA: MijPt-.A>i. 

SuDprogra.T.   eKi'A: AuPnA(l,J)>l   1 = 1,2. 

input  distr itutions   must  Cioth  be  of   the  same  type. 

Input districution  type  is  limitea  to  normal,  gaittma,   beta, 
or  triangular. 

ine  nuiTiDer   of   replications   must  be   less  tnan  or  equal   to  100,000, 
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% OUTPUT   BIMULATIOI 
PFqill Tq_ AKin   nPAPM >I 

V  5ELECT*ÖUTf 
\F,TI E  '/yRTut 

OUTPUT 
'/yRTuBI F 7 JUb 

\   SELECT^SPECIFIC  / 
\l TP   TFSTifl  HI?  P,/ 

T SELECT   SPECIFIC 7 
VpnR,-.P.Ti  TTY   nT^TPTRIlTTnn/ 

? 

\       nilTPIIT    FTJ FX 

ULuTE  RELATI'.'E       I 
in .-.TT.ir Fryrmirr-jr-.l 

\   SELEC^ MO.   OF/1 

\ PFPI imilQliS  / 

CHLC 

ir ci' 

v<ALL SufeoUTuC 

no 

T   ornnnT'-   i  T c 
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E>- 

\ 

-*sssr> 
:T !1lJ,S!GMA,i ^EL^CT !1U, SIGMA, AND 

10. OF SAMPLES FOR 
ME FIRST ^TgTfflBUTIO 

\ 

r nrgTRIBLl 7 
NO.   OF   SAMPLES   FOR 

HF gFrnKin prgTRTRiir ■rnNn r.T<=ii 

ir"7 
R / 

rm 
UNIFORM RANDOM 

q(URN) 

no 

usihiruRiM's— 
GENERATE   TWÜ 

qTflMPflRn   NOPMAI S 

1 
"vra? rüFn .ARGER NO. 

TO A ■   ( HRRAY   AND 
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1 fmw 1 
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\       5FCECT    HLi^MH^BtiHr    AND     > 
\      NO.   OF   SAMPLES   FOR        / 
^TMF   FTPgT   nTQTPTRIITTniviX 

NO.   OF   SAMPLES   FOR / 
THE qprnMn nTgTPTRHTTniviy 

Alb    !WI UtNtKMIt    'iJÜ 
i IBM ; e ] 

USE ONE URN TO 
IGENERATE A G~«*,i), 
USE BOTH URN'S TO 
TEST FfR MFVT QTFP 

E 

no 

yes 

USE  G   (oi7i ;. TO 
FMFOQTF  a  BjgLjjfiJ 

no 

HSSIUIM    LHKÜtK    NU. 
TO   'A'   ARRAY  AND 
SMALLER  NO.   TO   'B 

flPBQY  

(BE gDZED   <(T^ 
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SELECT ALPHA1>ALPHAZ>AND 
NO. OF SAMPLES FOR 
UP   PTPqT   nTgTPTBIITTnMf X 

X T ytLLLI «LPHfll,ALPHAS,ANBy 
\  NO. OF SAMPLES FOR    X 
XTHE SECOND DISTRIBUTIQjjX 

jubNbKHib   H   U''.Ä.»l.' c AKin   a   R~»U.O 

^ 

] 
USE THE PAIR OP 

GAMMAS TO GENERATE 
d ay*..-**  

"•ffggTCT CARGER NO. 
TO   'A'   ARRAY  AND 

SMALLER  NO.   TO   'B' 
 äBRül  
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^-  KSHED 

V        SELEL'TTLB.CflNP 7 
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rnhin  HTCTPTRI 
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Hint/ 

AIE A 
m  

TjytnjwN TO 
GENERATE  A 

NO.   TO    'A' 
ARRAY  AND 

SMALLER   NO.    TO 

T   RFPHRT-J    I   TCr 1 Ö 
94 

 -■■--      ■ M ^^-^»» ■^    — a 



WW'WIW>i»H.lli I'llHiwiiMiwfiWW'li 

I SORT    'A'   ARRAY) 

|SQRT    'h'   ARRAY I 

CALCULATE  LIR 
FOR   CURRENT  REPLICATION 

(A-RUN   AND  B-RUM) 

 ACB CURREWT LIP  
TO RUNNING TOTAL OF 

PREVIOUS DISTRIBUTIONS 
(ARE5ULT AND BRE5ULT) 
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********«***M*M«*****MAIh   Pi<OGRAM**»**********»*»*»#»*tllftJ*lLg*ftJLiJ. 

C0MMüi\l/ALG/A(50),B(50),SUM 
CÜKF0N/ALL/NF1LE,1REP#11EM 
COMM0N/ÜUT/ARESULT(50),BRESULT(S0),PeRCeNT(SO} 
CÜMMÜiyl/FlLE/NAME,DISP    
CALL   INITIALIZE(OIST) 

19 GOTü(l,2,3,4)#DISI   
1 CALL NORMAL 

GOTU 10  _   
2 CALL GAMMA 

GOTü 10    
3 CALL BETA 

GQTü 10   
4 CALL TRIANG 

1Ü CALL  REPORT   
STOP 
EiJD    

******************************** ****************»****«$»MMM*MMM 
♦ .     .   1  
* xnis subroutine  Inputs  the type of probability « 
* olstribution and the number.Qt.r*ßilc*.tlflnj.i *_ 
* * 

*************************** *********************»»*»»»»*»»»»»»»»**»*** 

SUBROUTINE   IMTIALIZE(DIST) 
CUM0N/ALL/NF1LE,1REP,ITEM      _   
CüM!vmiv/FILE/NAME,t)ISP 
CtiARAatR*4  L£IItR,.CHQICE.   
CHARACTLR*n   NAME,DISP 

35        WRITE(6,31)   
31 FüRMAT(T2,'Output may be written to a file and than printed ', 

/'or printed at this terminal.'./.T2.'Enfr "F" far tilm or «T»», 
/  ' for terminal,') 

READ(;>,79)CH0KE _   
lF(CHÜICE.tÜ.'F')THEN 
NFiLEsö .  ' _   

ELSE IFlCHÜICt.EQ.'T')THEN 
NF1LE = 6   
GOTO 3 

ELSt  ,  
GOTO 3b 

FNP If _   
wRIfE(6,12) 

12  F0RMAT(T2,'Enter the name ot the..öUiPJU.t-tll.«..-'_l  
READ(5,17)NAME 

17   EÜPCAXCA)      _..   
^RITE(6,21) 

21      FöRMAT(T2,'Select the disposition of the QUtpiit_tUA*i*  
/     /,T2,'Iypei   KEEP,PRINT,or   PRINT/DELETE,') 

PfcAü(b,27)Dl5P   
27        FüRilATCA) 

OFEN Cb,KILEsNAME, STATUS»'NEW,DISP«DISPJ   
3        l,vHIit(6,72) 

72      FüRMAHi2,'«Mich type of test Is to be perlormedl'.*/^!»  
/     'tnter  "ARUM"  If you  wish  to icnow the length of the A    ', 
/    'run eetore the first B.',/.' tnter "fiRUNMl yau Jtliü..tlift.S... 
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1 
/    '  ienotn  ot   tne  H  run betöre  the  first  M,',/,T2,'Enter  "BOTH* 
/    '  It  you  woulo  like tne results  of  »oth  tests.') 

f<tADCs,7^JTt;si 
79       FUfOiAICA) 

IftfßSl.äQ.'AHÜw'JTHKN 
I'ft^sl 

tLSt   irCTL.ST,fc;a.'bf<UN'}'lHfciN 
lit Mr2 

tLöt   IFCIt&i.hU.'hUTH'J'iht:^ 

hLS-. 
UOi'J   3 

fjl)   IF 
.-. K ri f (*, i u) 
fjK'iAiCii,'beiect  the type of distribution  you would  ', 

/     'll<e.',/,'  Type  tne  first  letter  of   the  name to maice  ', 
/     'your  input.') 

f<tAU(b,2i)Lfc-TXfc:K 
FüksAKA) 
JFCi.hJTKH.Ku, 'fv')THKiJ 
0I6Tsl 

r.LSt   iFCLtTTKK.Ku. 'G'JiHRi. 

fLSf.   iflLH.TXKK.fc.u. 'u'J ftiK:«) 

ELSfc: iFCLr.l fKrV.fX. 'T'J'iHt'v 
alSTs'l 

PLSc 
GÜ1Ü li 

K . 0 I f 
<. K111 C f> , ? i ) 
Fürf !Ai'CX2»'Knter   the  nufiber  ot   replications   ', 
'to  be  k-ertorfnej.') 
kFAUC5>,»)IKfe"F 
IfCI^'.GT.lOoOOOXJOTu   <*^ 

£ \ u 

13 
10 

23 

92 
93 

91 

» * 

* This suuroutine Generates random numbers   * 
♦ tro^ the norval distribution. • 
« * 

Su-iKOUl'l^E   I.'UKKAI. 

Dl.'-'tiväl jv   V (2 ) , Mi t ? 1 ».SIv^A (2 J, fiSAMF C 2 ) 
CO" IU i/Ah'j/AC^O) ,H(!>U) ,5U^ 
CU^i iO -/ALL/fiFlLE, lHt,P,llfc'.': 
CO'MWFlLt-J/NArtE.UluP 
Cri AH ACTFK♦ 1 J   N AME., Ul SP 
PKAL   Mh 
J;;Th,GtK   CJli.vT, 11 ,üU,M 

TF(   FILF.EO.bJGÜlü   o 
hPFf (B, FlLE=rjA«ft,ÜIATg6s'ULü',DliPsDlöF) 
PRIM   5 
F'JK"'AT( ix,'Knter mu, slama «no number of samples', 

/  ' for tne',/,X2, 
/ 'first normal distribjiior. separated oy commas,') 

97 
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.. 17 
/ 

19 
 / 

98 

97 

/ 
/ 
/ 
/ 

_.9& 

ftt:AO(S,*}MU(l), SIGMA m,NSAMP(n 

FüRMAKia,'Enter mu, Sigma and number of sample«', 
' for the',/,T2, 
'second normal distribution separated by commas.'} 
Re:AO(!>,«}MU(2),SIGMA(2),NSAMP(2} 
WRIIEC6,19] 
FORWAT(T2,'Enter a flve-dlglt number for random', 
' number generation.'J 
REAO(5,«)U 
MIXE(NFILE,9Ö)MU(niSIGMA(l),Mü{2),SIGMA(2),NSAMPCl)# 
NSAMPOtll 
F0RMAT(T2,'Input distributions are N-(',F5,2,'#',F5,2,') and', 
' N-(V5,2,','F5,2,').',/,T2,'Number of samples from each ', 
.'distribution Is '«12,' and ', 
12,' respectively.',/,T2,'The random number seed for  this  ', 
'run Is ',16,'.') 
COUMTsCÜUNm 

. JaO ..... 
SUM»0 

_-J«Jtl  
NaO 
.T=Q ... 

DO »0  lsl,2 
 XsRANCJl). 

V(I)s2.*X-l. 
...MSHimUl.. 

TaT+W 
.. CQ.NIINUE.  

1F(T.GT.1,)G0  TÜ  90 
__   .        Yl^OGCIl. 

Y2«-2.»yi/T 
 :.Xs5QRTCY2J    .... 

N«N+1 
  SMfSUMtl. 

XlsMU(J)'fSIGMA(J)4<V(l)«Y 
  X2«!«lü(J)+5IGMA(J)*V{2)*y 

IF(X1.GT.X2)TH£N 
 AC5UMJSX1..   

BCSUM)8X2 
     EL5Ü  

A(SUH)sX2 
      . £C5iJM)«Xl 

tNDIF 
 IXCN.LT.NSAMPCJ))GD  TO  90 

IF(J.LT.2)GO  TO   100 
     CALL SORT 

1F(C0UNT.LT.IREP)G0T0  97 
__ -RETURN 

END 

.80 
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     * * 
* This  subroutine generates random numbers * 
* from the gamma distribution, • 
* ♦ 

jtßßß***^*$^**$$*4*****§*********************^************************* 

SUBHOUTKJfc:   GAMMA 
DIMENSION   U(2),X(2),ALPHAC2),BE1A(2),NSAMP(2) 
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———————— 

'lhtlM=4.b 
I J HcTAaLuuC^.b) 
L=l.fLlntlA 
(■ IjMjffSl.QGI. 4 , ) 

^7 Ct'Ü./fsCuÜi.T+l 
S ü ■' = ü 

bO K=K+l 
Gl=2.»ALPf!AtK)-l, 
G2saQr.XltiU 
GS1./C.2 
UsAbPiiAtU+G/ 
HsAufr-.Atr J-t'ULrt 
' =(' 

8 0 J=0 
?V J=J+1 
bC lü   JO   1=1,2 

f-=P «■■ c i n 
UCDSH 

VlsuCU/cu-LCU) 
»-■2 = Mf?G(Vl ) 
V=C.*V2 

■<sfiLt,nA(t\J*tl 
Z=»K2J*uCl )*IJ(U 

! J,.: i = .-. ♦■ i  - i f r  FA» /, 
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Wf™..1..B*BWM.v«.ft.Wi 

wmm 

LNZ«LUGU) 
li (*v.GE.LNZ)GO TD 40 
GU XC 50 

40    X(J)BY»Bi<:TA(K) 
lf>'(J.LI.2]GÜ TO 20 
SUMaSUMfl 
NcNtl 
lF(X(n.LT.X(2))THEN 

ACSUM}sX(2} 
8(SUW)8X(U 

tLSE 
A(5UW)sX(l) 
B(SUX)»X(2) 

END IF 
IF(N.LT.NSAMPCK})GO TO  bO 
IFCK.bT.2)ÜO  TU  60 
CALL   60RT 
IF(COUM.LT.IKEP)GÜTO  97 
neiuRw 
END 

* « 
* This subroutine generate«  riMOi^fUlifttll *   
* from the beta distribution. * 

SUBHOUTINfc BETA _   
DIMENSIUN   X1(2),X2(2),U(2),ALPHA(2,2),NSAMP(2) 
Cü*MC'N/ALG/A(b0),BC50),5UM    
COMKOI«./ALL/NFILE,lREl>,ITfc;M 
CQf'WON/HtrE/NAME/PISP  _...   
CHAHACTEKMi   NAME,DISP 
REAL   LTHEIA#LNZ    
INTEGER   COUNT,11,N,Ü,SUM 
CQUM = 0 . .         
IF(fJFILE.tQ.6)GüTü   3 
0PENCB,KILE=NAME,STATU5*'0L0'#PI5pspI5P) .          _ 
PRINT   10 
FCJKMATCIX,'Enter alphai, alpha2 and number ol »ftiPlti. _'# 

/    'for  tne',/,T2, 
/    'first oeta distribution separated by COUHMUL»')..-   

READ(b,«) ALPHA(1,1),ALPHA(2,1},NSAMP(1) 
PRIM   U    
FuRhATCiX,'Enter alphai,  alpha2  and number of  samples  ', 

/     'for  the',/,T2, .  
/     'second beta distribution separated by commas.') 

RfcAUC!>,»)ALPHA(l,2),ALPhAC2,2),N5AMPC2) -   
PKI.T   12 
FURfAT(T2,'Enter a  five-digit  number for random',  

/     '  number generation,') 
RtAU(b,»)Il 
*KrrE(NFILE,9fi)ALPhA(l,l},ALPHA(2,l),ALPHA(l,2),ALPHA(2, 

/  hSA.MFU),NSAMP(2),Il 
9«   KJRr'iAi(T2,'Input distributions are B'(',F5.2,',',F5.2,') 

/  ' b-(',F5.2,','F5.2,'),',/,T2,'Number of sample» from', 
/  ' eacn distribution is ',12,' and ', 
/ 12,' respectively,^/^li,'The random number seed for thl 

100 

i 
10 

11 

12 
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mmmmmmmi* 

97 

bO 

iü 

40 

70 

eo 
90 

ru 
Hh. 
J H 
sj 
üU 
.iU 
s0 

u 
si) 
Ü 
UM 

n  is   Mb,'.') 
rAs'i.b 
t1AsLi)(;i4.b) 
,41.1 Hilk 
KsL(iü(4,) 
i 'isCüU'vT'f I 

is 
2s 
si 
= A 
sA 
Ü 
sh 
CJ 
br< 
is 
2- 
sr, 
is 
= A 

sH 
LS 
K( 
\Z 
{■ ( 

K 
UN 
^( 

Ft 
A 
h 

LS 
A 
H 

IJI- 

Cli. 
Ab 
e C 
tT 
!.r, 

11 
^o 
sSl/ 
7 0 

2,* 

tifH 
J«' 
AM 
)=f< 

11^ 
U(l 
LOG 
*V2 
txr 
LPH 
C2J 

Tf ^ . 
A  "• >• 

»tu 

10 
^)s 
1 J« 
L) = 
J IN 

CSU 
iSv/ 
t 
CSu 
l&ü 
IF 
Il.w 
il 
L   6 
Cnu 

..si, 2 

'vsl,i..sAMP(l.) 
;., + ! 
L=J,2 
Ksi#2 
ALFttA(K,fO-l. 
KGl) 
2 
Ad1 ,ii)tü2 
ACK,P.)-tOÜK 
Jsl,2 
ID 

UL 
)/(l.-U(l)) 
(vl) 

(V) 
AU,t.)»Yl 
*uci)»ucn 
V-Y 
+ i'-lhtrA»Z 
T.Gt.i-.JGU   It    40 
G(Z) 
K.L%Z)C;o   TU   40 
5U 
Y 
Uli 
XH1)/(X1(1)+X1(2)) 
ue, 
l).ftT.H2(2))Irtt.. 
''') = X2(1) 
OsX2(2) 

;-)sX2(2) 
w)s>2(n 

UL 
f.ihT 

M.LT. JKL'PDGLTü 9V 

* » 

* iriis subroutine generates ranaom numbers ♦ 
* fro.n tne trianuular distribution. » 
* * 
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SUBROUTINE TK1ANG 

COMMON/ALG/A(50)#B(50),SUM 
CONM0N/ALL/NFlLe#IREP,ITEM 
COWM0N/FILE/NAME,DISP 
CHARACT£R»13 NAME^DISP 
INTEGER COUNT,IlfSUM 
.CQUaiiQ._ _. -  
IF(MFILE.E0.6}G0TÜ 9 

_  DPENCä,FILEsNÄME,STATUS='0LD',D15FeÜl5P) 
9    PRINT 5U 

50 FORMATCIX,'.Enter minimum,  maximum, mode and number of 
/     'of sampler from tne',/,T2, 

 l..-*.ilx*t triangular distribution separated by commas.') 
R£AD(5,*)G(1),H(1),C(1),NSAMP(1) 

.13   J>.RIUI 51 
51 FORMATCIX,'Enter minimum, maximum, mode and number of ', 
 J ^'._of samples from the',/,T2, 

/  'second triangular distribution separated by commas.') 
 a£AiU.&#JnGC21fm.2UCC2J.,USAMPUJ 

IF(G(l).GT.H(l).OR.G(l).GT.C(l).OR.C(l).GT.H(l))THEN 
WRITE(6,7) 

7     FOHMATCT2,'INCORRECT PARAMETERS ON  DISTRIBUTION.', 
. / __ ^ _TRY AGAIN.') 

GOTO 9 
 ELSE lFCGt2).GT.HC2).QR.GC2}.GT.CC2).OR.CC2),GT.HC2))THEN 

MR1TE(6,7) 
 GOTO 13 .. . ,        . 

ELSE 
 PRiNI 52 . 
52    FOKMAT(T2,'Enter a five-digit number for random number', 
 L '.generation.') ...  

READt5,»)Il 
 END  IF . 

WRITE(NFILE,98}G(1),H(1),C(1),G(2),H(2),C(2),NSAMP(1), 
_ /     N5AMP(2),I1   

96        FüRMAT(T2,'Input distributions are', 
 /„_.! l-i.'.tFS.2,'.',Fbfc2.S!.4f5.2,'J and',     

/      '   T-(',F5.2,',',F5.2,',',F5.2,').', 
 /./,12,'Number of samples from each distribution is '* 

/ 12,' and ',12,' respectively.', 
__/ /4T2,'ine random number seed for this run is ',16,'.') 

97 COUNT=CUÜNT+l 
 -SJUMsfl  

DO   30   1*1,2 
. T«HII)-GCI) 

COMP=(C(I)-G(I))/T 
COMPlaJ.-COMP 
DO   20   Lsl,NSAMP(I) 

  SURsSUH+l   
DO   10  J=l,2 

       UsRANdl) 
IF(U,LE.COMP)THEN 

XlsCOMP*U 
X2«S0RT(XU 

     XCd)sGCI)tT*X2 
ELSE 

XlsCüMPl»(l,-U) 
X2»5QRT(X1) 
X3»l.-X2   

102 
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10 

20 
30 

X 

CON 
IF( 

A 
B 

ELS 
A 
Ö 

END 
CON 
CON 
CAL 
If-C 
RET 
E ^ D 

(J 
IF 
II 
X( 
cs 
cs 
E 
cs 
cs 
IF 
n 
ri 
L 
CO 
UP 

)s(i(i) + r*xi 

n.ÜI.XC2))THElJ 
J'OsXCl) 
ljf-'.)=XC2) 

U«)=XC2) 
oiOsxcn 

■\UE 
MJE 
SOKI 
UMX.lfT, [REP)GüfÜ   97 

^^t*************^*** ***$'¥**********'¥************************* *********** 

* * 
* inis  suoroutine performs  a ouoDle sort. * 
* ♦ 

^^tiUf^^t.if^tf^if^nHit*** ******************************************** ******** 

12 

25 

2'.' 

süa 

CJ.V; 

cu« 

CHA 
iHt 
I HI 
DO 

IF 
A 
A 
A 
A 

I 
CO 

huO 
IFC 

DU 
IF 

H 
b 
ft 

I 
CO 

riD 
iH-C 
At<U 
BHÜ 
D'J 

IK 

ÜÜ 

Civ 
CM 

C;. 

AC 
C,t 
HA 
1 = 
AC 
(2 
Cl 
I) 
If 
TL 
11 
DU 
MX 
HH 
= 1 
^C 
(2 
(i 
0) 
J + 
'ft 
11 
DÜ 
M 
= 0 
so 
= 1 
A( 
U 

TI.NE 
lü^i   A 
/ALG/ 
/ALL/ 
/UUT/ 
/KILL 
TLR*1 
K   MRU 
= 1 
1,CSU 
JtJ.Gt 
)=A(1 
)=ACI 
= AA(1 
1)=MA 

KA = 0 
NUE 

SÜKT 
AC2),BIU2) 
ACbÜ),BC5()),SUH 
NKILEtlKEP.lTEli 
AKEÖÜLTC5ü),ri?tSüLf CbO) ,PtHCLMCbO) 
/NAME,U1SP 
3   riA;1E,DlSP 
r-.BRUf »SUM 

M-i) 
,MCI+l))GOrO   7b 
) 
+ n 
) 
C2) 

ERA,Ew.ü)GOTÜ   12 
= 1 
, Ci>o/-i j 
J).GE.riCvJ+n)GüTÜ   27 
5=riCJ) 
}=8(J+1) 
= bbCn 
l)sBbC2) 
Rfcsi) 
NUE 

EHH.E*J.O)GUTÜ   9 

,sur; 
l) .G1 ,nC 1) )'lr'tw 
s ft ;■< u N +1 
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■PRIMI  i  ii I "- I   ' I ' 
■ MI. ■■■imp^ffWf 

le 

fc'l»SE 
GUTU 7 

tNU IF 
END 00 
CÜNX1NUE 
DU ls5tJM,l,-l 
IFIB(I).LT.A(SUM))THEN 
BRUNsbRUN+l 

tUfc: 
GOXU 18 

fclNU IF 
END DU 
COMTIhiUt 

* End of replication booKKecplngt » 
* This part of the subroutlnt itortf « 
« the statistic "f of runs of length * 
* X" in the array RESULTCXJ - A.. 

DO Isl,SUM 
lF(AKUN.EO.nAKESULT(I]"AReSULT(Z]tl 
IF(BHUN.E0.I)BRESULT(I)BBRESULTCI)*1 

END DO 
RETURN 
t'MD   

» • 
♦ mis subroutine   generate! .tin_J>Ji.tÄU.t_Al «  
♦ the simulation* * 
♦   S  

**$*** $$$$*$t$$**$*ii$**v$*$$*$$$t$*$$i:$$****$ii**$*$*i.*m$$mttm*t.tim 

11 

37 

39 

li 

42 

SÜBKOÜTINE   KEPORT      
Di^EtgSJUN   AA(2),BB(2),CUM(50},INT(50} 
COWMON/ALG/AC50),BC50J,5UM   
COW«ON/ALL/NFILE,IREP,ITEM 
COMMON/OUT/ARESULT(S0],BR£SULI(50)#PeRCENIC50L) 
COMMON/FILE/MAME,DISP 
CHARACTfcR»13 NAME,DI5P,ANSWER -   
INTEGER SUM 
IF(NF1LE.E0.6)GÜI0 11   ^» 
OPEN(8,FILE=NAME, STATUS«'OLD', DISP»DISP) 
IF(IIEM.E0.1.0R.ITEM.EQ.3)THEN -     
ASSIGN 37 TO IOUT 

ELSE  _   
ASSIGN 39 TO IOUT 

END IF   
*RIlE(NFILE,IüUT) 
FüRMAI(///,T2,'Test for 

's before the first 
the Length 
B.',/) 
the Length F0R^AT(///,l2,'Test for 

'B"S before the first A,',/) 
»)RIIE(NFILE,13)IRLP 
FüR'iAi(i2,'Number of Replications! 
IK(ITbM.EO,1.0h.IT£M.E0.3)THEN 
*lRnE(NFILE,42) 
FOHMAT(T2,'Length ',4X4'Observed 

104 
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44 

17 

62 

57 

• 'Rclati 
MRITE(N 

FOKMATC 
'Freque 
T*IREP 
CUM(0)a 
DO Id, 
PtRCEN 
CUfUIJ 

END DO 
DO I«l, 
INTU) 
WRITEC 
FORMAT 

END DO 
MRITECN 

FORMATC 
CALL GH 
IFCIXEM 
ITEWs2 
GOTO U 

ELSE 
rtRITECN 
WRITE(N 
TsIRtP 
CUM(0)s 
DO 1*1, 
PERCEN 
CUMtl) 

END DO 
DO Isl, 
iNTtl) 
WRI1E( 

END DO 
WRITECN 
CALL GR 

END IF 
CONTINUE 
RETURN 
END 

ve '#4X,'Cumulative') 
FILE,44) 
Ti,'ot  Runj',4X,'Frequency«',4X, 
ncy»'#4X,'Frequency»') 

0.0 
SUM 
T(I)'ARESÜLT(I)/T 
sCUM(I-l)+PERCENT(I) 

SUM 
■ARESULTd) 
NFILF,17)I,lNI(I),PERCENT(I),CUM(n 
CT2,IJ,T12,I6,T28,Fe.6,T42,F8,6) 

FILEr62) 
12,/,/,/,/) 
APH 
.EQ.DGOTO 57 

FILE,42) 
FILE,44) 

0.0 
SUM. 
T(I)=BRESULI(I)/T 
sCUM(I-l)+PERCENT(I) 

SUM 
aBKESULTCl) 
NFILE,17)I,INX(I],PERCENT(I},CUM(I} 

FILE,62) 
APH 

* * 
.♦ This subroutine generates tne relative and » 
♦ cumulative frequency distribution * 
• tunction graphs, * 
* * 

SUBROUTINE GRAPH 
DIMENSION TtSTlC50),CUM(50) 
COMMOt,/ALG/A(50),B(50),5UM 
CO^MOU/ALL/NFILEiIREP^TEM 
COMMON/OUT/AHESULTC50),»RESULTCSO),PERCENT(50) 
CQMMON/FILE/NAME,DISP 
CHAKACTtR*13 WAME,DISP,ANSWtR 
INTEGER SUM 
lF(wFILE.EO.b)GÜTO 13 
OPElM(a,FlLEsMAKE,STATOS='ÜLD',DISPaDISP) 
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U    lFUt£.H,Eü.2)lHEN 
ASSION 99 10 L 
ASSIGN OB XQ K .  -   
ASSIGN 84 TU M 

tLSt 
ASSIGN 9H TO L 
ASSIGN 86 10 K   
ASSIGN H2 TO M 

END Li ..._  -  
AKITE(6,U 

98 füRMATCT2,'Kor this test of the length ot  the run of, 
/  ' A"s before the first B,',/,T2, 
/ 'do you wish a bar graph of the relative and'« 
/ ' cumulative frequency distributions?',/»T2, 
/ 'tnter '"its«  or "NO",') .  

99 HJRvAr{T2,'For this test of the length of the run of, 
/ '  b"s   before  the  first  A,'I/,T2, _. 
/ 'do  you  wish a  bar graph of the  relative and', 
/    ' cumulative frequency distributions?'»/^, 
/     'Enter   "YtS"   or   "Nu".') 

Kfe,AD(b,91JANSvVEH 
91 FÜRwAi(A) 

U (Ae-Safc.h.kCa.'NO'JGUTO   89 .       ...    .. 
Ahl it C^HLI£#27) 

2 1 FUKf.AlC'l')       .. 
>RIIt(NFlLt.K) 

8b   FOKv Ai (is,'Relative frequency qraph'#   
/  ' for tne Length of the Initial Run of, 
/  ' A"s before tne first 8,',/)  _ _ 

88   FuRvAldb,'Relative frequency graph', 
/  ' for the Length of the Initial Run of,       
/  ' B"5 before the first A.',/) 

.vHirECNFILE,37)    
37 FuR.vArCi'b,'ü.OO',T10,',04',Tl4,',08',T18,',12',T22,', 

/1^6,'.2u',T30,'.24',T34,'.28',T38,'.32',T42#'.36M46^ 
/T'i)0,'.44',Tb4,'.48',Tb8,',52',T62,'.56',T66,'.60',T70,' 
/T74,',6h',T78,'.72'fT82,'.76',T86,'.80',T90,',e4M94,' 
/T<<8,'.92','ri02,'.9fe',T106,'l,00') 

31 WRMECNriLE,33) 
33    FüRWAlClb,'+-♦-♦-♦-+•♦-+-+-♦-*-', 

/ '+-+-+-+-*-+-+-+-+-*-+-+-+-+-+-+-+-t-+-t-',      
/ '♦-•^-■f-■^- + -♦-♦-♦- + -♦"♦•-♦•- + »♦- + - + - + • + -•t•• + -♦,) 

CUM(0)=Ö.Ü 
DU 1 = 1,SUM 
T£STl(l)sCPEKCeM(l) + .0Ob)»lÜOO.          
j=rESTi(n/io. 
IFCJ.EQ.ünHEN  _. 

ASSIGN   43   Tu   IÜLT 
FLbfc .   ..... 

ASSIGN   41   TO   1ÜUT 
t^D   if    
CU^(l)=CUM(l-l)+Ft:RCENT(I) 
^RIiE(,MFlLh,,lüUT)l,PERCENT(I) 

41 FOKf'AT('ü',T3,12,Tb,'-',<J>ClH+),2X,F8.3) 
43 Fühf,AlC'Ü',T3,I2fT6,'-',2X,F8,3) 

£.\0   Ob 
wP.lIE(NFlLt,27)   
f-uiii C'-FILK,,^; 

h2   FüN^AlCI!»,'Cumulative frequency graph', 
/  ' tor tne Lengtn of tne Initial Run of. 

16', 
afl', 
.64', 
*iJ'. 

A"s  before  the  tiril_B.',/) 
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84   ruPMAKIS,'Cumulative frequency graph', 
/ ' tor tne Lengtn of tne Initial Run of, 
/ ' B"s uefore the first A.',/j 

WRITeCNFILCf37) 
WRITE(NFILE,33) 
DO 1*1,SUM 
XESTl(I)s(CUM(I) + .005)nüOO. 
JsXESTl(I}/10. 
IF(J.EQ.O)TH£N 
ASSIGN 43 Tu IUUT 

ELSE 
ASSIGN 41 TU IUUT 

EMD IF 
*RITE(NFILE,IOUT}l,CUM(I) 

END DL 
*«RITE(NFILE,27) 

89   CONTINUE 
RETURN 
END 

«MMMMMM*M****MM««MMM«MM*«******««*««*«**«M«*****«««***«» 

107 

xUIMMUiHt U^ttMMHMfelHIM^ ^ 



-mmmmm 

APPENDIX IV 

ACKNOWLEDGEMENTS 

Thanks are due to Ms. Kimberly S. Druschel, Mr. Ronald L. Fischer, and others 
at Fort Lee, VA, for support and helpful conversations. 

APPENDIX V 

REFERENCES 

1. Downs and Cox, "The Probability of Motor Case Rupture," presented at the 
20th Conference on Design of Experiments in Army R,D&T, October 1974. 

2. Knaub, "Design of a Multiple Sample Westenberg Type Test for Small Sample 
Sizes," presented at the 27th Conference on Design of Experiments In Army 
R.D&T, October 1981. 

3. Law and Kelton, Simulation Modeling and Analysis, McGraw-Hill Inc., 1982. 

ADDENDUM 

After listening to the presentation of this paper. Dr. W. J. Conover of Texas 
Tech, commented that perhaps a rank test based on the rank sum of the A's or 
some other appropriate measure might be used as a more powerful test of overall 
compatibility among the samples with emphasis on shift of location. In view of 
tht weakness of the modified Westenberg test for the median which Is given 
h«rt, and the generally high power of rank tests, this suggestion seems 
promising. I would still, however, suggest the LIR test for the purpose for 
which it 1$ intended: It emphasizes the improvement which can be obtained by 
exclusion of a particular sample. However, beware of repeated deletions. The 
probability levels of the test change step-wise with each application. 
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